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Fig. 11 Effect of eccentricity on maximum load for perfect
and imperfect elliptical shells.

shell wall, it was found that the eylinders were sufficiently
perfect to buckle close to the predicted classical value based
on the circular cylinder equation. In addition, it was ob-
served that significant reductions below the perfect shell

buckling loads oceurred for the imperfect elliptical eylinders -

containing small amplitude axial imperfection distributions.
Using Koiter’s theory for an equivalent axisymmetric im-
perfect circular cylinder having a radius of curvature Rs, it
was shown that the imperfect elliptical cylinder buckling
loads could be accurately determined. For large values of
eccentricity, maximum compressive loads in excess of the
initial buckling load were also noted. In general, it is
concluded that elliptical eylindrical shells are indeed sensitive
to small geometrical imperfections in shape as predicted by
Hutchinson.
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Turbulent Boundary Layer on a Rotating Disk
Calculated with an Effective Viscosity

PauL Coorer
Case Western Reserve University, Cleveland, Ohio

The incompressible laminar and turbulent boundary-layer flow associated with a rotating
disk in an infinite fluid otherwise at rest is calculated. The continuity and two boundary-
layer momentum equations are solved by a method adapted from the two-dimensional finite-
difference approach of Cebeci and Smith. For the outer portion of the disk where the bound-
ary layer is turbulent, the two Reynolds stress terms involved are replaced by a two-layer
scalar eddy viscosity model. Full calculation of boundary-layer development is achieved from
the axis of the disk out to a radius corresponding to a rotational Reynolds number wr?/7 of 107,
The skewed velocity profiles obtained agree well with experimental data, as do also the results
for boundary-layer thickness and skin-friction drag. A kind of three-dimensional turbulent
boundary-layer equilibrium appears in a defect similarity of the circumferential mean tur-

bulent velocity profiles.

Nomenclature
A, 45,45 = geometrical coefficients in finite-difference ex-
_ pressions
Cu = integrated disk friction moment coefficient =
2M /(pw?R5 /2)

cf.o = circumferential local skin-friction coefficient
= 7w/ (p0?r?/2)

f = radial stream function

g = circumferential stream function

H = shape factor = §*/6

k1 = von Kdrmédn’s constant = 0.4
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ks = universal constant for the outer layer =
0.0168

M = drag moment of the fluid on one side of disk

n = reciprocal of the power of the mean velocity
profile, Eq. (28)

R = radius of outer edge of disk

r = radial coordinate = radius from axis of rota-
tion

R. = rotational Reynolds number = wr?/»

Repo.q = outside diameter Reynolds number = wR?/»

U = mean radial velocity component

u = mean velocity vector relative to and parallel
to disk = (u, wr — v)

la.| = value of |u| at edge of boundary = «wr

v = mean absolute circumferential velocity com-
ponent

w = mean axial velocity component

2 = axial coordinate = distance perpendicular to
the disk

v = intermittency factor, Eq. (11)

5 = boundary-layer thickness

§* = displacement thickness = j:) - (v/er)dz

7 = dimensionless distance perpendicular to disk
= 2(w/v)?

0 = circumferential coordinate = central angle

0 = momentum thickness, Fig. 6

i = absolute molecular viscosity

y = kinematic viscosity = u/p

Ve = effective kinematic viscosity

p = fluid density

T = shear stress

G5,bg = improvements to the f and ¢ stream functions,
respectively, Eqs. (24) and (26)

® = angular velocity of disk

Subscripts

7 = point on 4-grid

k = boundary dividing domains of inner and outer

expressions for »., Eqgs. (18) and (19)
stations in the r direction
(eddy viscosity) due to turbulence

nn— 1,n — 2
11

w = wall = surface of disk

0 = fixed value taken from previous iteration

0.995 = value at 2z where v = 0.0050r

© = far from region of significant variation in u
and »

6 = component in circumferential direction

Superscripts

! = differentiation with respect to 5; in Fgs. (2)
and (3) caly, fluctuation component

+ = divided by »

Introduction

UMERICAL solutions of the turbulent boundary-layer
equations have been successfully developed for two di-
mensions and applied to a variety of flows. Some of these
methods use effective viscosity hypotheses to replace the
Reynolds stress term. Here the validity of doing this for
steady three-dimensional, incompressible boundary-layer
flow is investigated. A convenient starting point for such an
evaluation is the problem of flow about a smooth, plane disk
rotating in an infinite medium otherwise at rest. The charac-
teristically three dimensional, skewed boundary layer is
involved, and a considerable amount of test data and theoreti-
cal results exists for the problem.

Von Kédrmén’s investigation! in 1921 presented a correlation
of test data for the drag moment of a rotating disk with his
predictions made by a momentum integral method. He used
a wall-shear stress relation adapted from the Blasius pipe
friction formula and his assumed 14th-power velocity profiles.
By assuming logarithmic velocity profiles and the associated
law-of-the-wall friction, Goldstein? was able to exhibit more
closely the trend of the drag moment vs the disk rotational
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Reynolds number wr?/v. Theodorsen and Regier? obtained
test data for the drag moment, which they differentiated to
produce the local circumferential skin friction. They also
obtained circumferential velocity profiles in the low Reynolds
number wr?/y range that included transition. Gregory, Stuart
and Walkert demonstrated that transition from a laminar
to a turbulent boundary layer occurs at about wr?/y = 3 X
10° as one proceeds radially outward on the disk. Cham and
Head® presented a momentum integral solution that employs
cireumferential velocity profiles taken from a more recently
available two-parameter, turbulent, two-dimensional family
and radial velocity profiles from an existing model for the
crossflow in three-dimensional boundary layers. By adjust-
ment of the caleulated entrainment of fluid into the boundary
layer, they were able to produce excellent agreement of the
theory with the extensive test data that they obtained on both
the disk drag and the associated velocity profiles.

The numerical solution presented here is adapted from the
two-dimensional approach of Cebeci and Smith.5” They
used separate viscosity assumptions for the inner or wall layer
and for the outer layer. A revised version of their implieit,
finite-difference method of solving the resulting equations is
applied to the present case, which has an additional differen-
tial momentum equation. Here we assume that the effective
viscosity can be applied as a scalar to the determination of the
two turbulent shear-stress components that arise. This was
indicated by Mellor® who adapted his two-dimensional ap-
proach® to the calculation of the boundary-layer develop-
ment along the intersection of a stagnation stream surface and
a colinear side wall. Therefore, he had to consider the effect
of erossflows at this side wall that oecurred on both sides of his
symmetrical stream surface.

Here we demonstrate that full development of a skewed
turbulent boundary layer can be calculated with no assump-
tions other than the effective viscosity relations and the do-
main of their application. These are quite general and inde-
pendent of the flow geometry involved. Results are given for
laminar and turbulent flow on the rotating disk for values of
the rotational Reynolds number from 0 to 107,

Flow Model

The structure of the boundary layers that develop in the
neighborhood of a rotating disk is shown in Fig. 1. The disk
rotates at constant angular velocity about the z axis of the
fixed -0-z eylindrical coordinate system in which «, v, and w
are the radial, circumferential, and axial components of the
mean absolute velocity. The velocity vector relative to the
disk has components u, (wr — v) and w, and it forms a skewed
boundary-layer velocity profile. As with laminar flow, the
direction of the wall shear stress relative to the disk is the same
as that of u in the limit asz — 0.

Equations of Motion

The boundary-layer equations for steady incompressible,
three-dimensional, axisymmetric, turbulent flow near the
rotating disk in the absence of a radial pressure gradient are
now given: continuity;

(1/7)[0(ur)/0r] 4 dw/dz = 0 (1)
momentum in the radial » direction;
u(Qu/or) — (¥/r) + wdu/dz = »(Q%/d2%) — (0/dz){u'w’)
' @)
and momentum in the circumferential # direction;
w(Qv/or) 4+ (uv/r) + wov/0z =
r(OW/02%) — (0/02)@'w"y (3)
The two derivatives of the Reynolds stresses parallel to the
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boundary, viz., the last terms of Eqgs. (2) and (3), are the only
turbulence momentum transport terms remaining after
simplifying the Navier-Stokes equations to this boundary-
layer form. This leads to Prandtl’s assumption that these
shear stresses can be related to the mean velocity gradient
relative to the wallou/dz. Accordingly,

ww'y = —rdu/dz 4)
and
@'w’y = »,d(wr — v)/32] = —vdv/d2 (5)

where v; is a scalar kinematic eddy viscosity for turbulent
flow. Equations (2) and (3) now become

u(Qu/ory — (@¥/r) + wdu/dz = 3/0z(v.du/dz) (6)
and
u(@©@v/dr) + (uwv/r) + wdv/dz = 0/d2(v.0v/dz) (7)
where the scalar effective kinematic viscosity
Ve = ¥ + vy (8

Just as the shear components in three-dimensional laminar
flow are simply related to the gradients of the associated
velocity components, it is assumed that in three-dimensional,
turbulent boundary layers the association of these same
gradients with the combined viscous and turbulent shear com-~
ponents maintains the scalar character of the effective vis-
cosity coefficient ..

Effective Viscosity

We now hypothesize that the effective viscosity can be
represented by the Smith-Cebeci formulation.®” The inner
or wall portion of the boundary layer is characterized by in-
creasing turbulence as one moves away from the wall. There-
fore, the effective resistance to shearing of the mean flow (as
indicated by ».) increases with distance from the wall:

inner layer} v, = » + ki%? b_ul ll — exp
2 <z 0z
g 1z 2
- == 1/2
[- 52t} @
where k: is the Von Kdrmsdn constant (0.4) and |z| = o,

[Ou/z] is the local effective shear stress. The eddy viscosity
term ». [Eq. (8)] contains an exponential correction that
causes », to approach » as z — 0, which approximates the
behavior in the sublayer region. Where the exponential is
small (larger z), v: — k,%2%/0u/dz| = I2 |ou/dz| where Prandtl’s
mixing length ! = k. Note that [ou/dz] = [(Qu/d2)2 +
(0v/d2)2]2.  For the outer portion of the layer, Clauser’s!
original suggestion of constant », is modified by an intermit-
teney factor v:

outer layer} v, = v + koJu,|é*y (10)

2>z

2x is the value of z at which the value of », calculated from
Eq. (9) becomes equal to that from Eq. (10); k. = 0.0168;
lu| = wr; and the displacement thickness 8* is equal to

fo " (v/er)dz
The intermittency is given by

v = 1/[1 - 5.5(z/60.005)] D)

where 8y.9¢5 is the value of z where v differs from zero by 0.005
wr.

This hypothesis for ». is a gross simplifying assumption, be-
cause the dynamics of the Reynolds stress tensor are not
directly related to gradients of the mean velocity but rather
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Fig.1 Coordinate system (r,6,3) and velocity components
(u,v,w); a) indicates the stiructure and growth of the
boundary layer, and b) shows the mean velocity profiles.

to other turbulence quantities. Nevertheless, in highly
sheared flows, it works better than might be expected.

Boundary Conditions

The boundary conditions are that at 2 = o, v = u = 0;
and at 2 = 0, v = or and v = 0. », = v in the laminar
boundary layer that is assumed to exist for wr?/v < R.,tansition.
As is known and will become evident, the dimensionless solu-
tion for this laminar layer is independent of radius. The
laminar-velocity profiles serve as the starting profiles for the
turbulent layer at the chosen radius r corresponding to wr?/»
= R, ansition- Iquations (1, 6, and 7), with the effective
viscosity relations of Eqs. (9) and (10), and subject to these
boundary conditions constitute the system to be solved for
the unknown velocity field (w,p,w). This in turn yields the
drag moment 2M from the circumferential shear stress 7,9 =
w(0v/02)u,s1ncCE

R
oM = 2 fo 22y ol

Transformed Equations and Boundary Conditions

We now eliminate the axial velocity component w by means
of the continuity Eq. (1) by introducing stream functions f
and g and by transforming the independent variables as
follows:

2>, >

where

n = 2(w/r)'? (12)
Let

g'(n, 1) = v/wr (13)
and

f'n,m) = u/wr (14)

where the primes on f and ¢ denote partial differentiation with
respect to 1. Substitution into the continuity Eq. (1), which
is then integrated with respect to 7, yields

w/(wy)l? = —2f — rof/0r (15)
by setting w and f equal to zero at y = 0.

The following transformed differential momentum equa-
tions are obtained by substituting Eqgs. (12) and (15) into
Eqgs. (6) and (7): r momentum;

G+ g 2" — 2= r[f'(0f/or) — f'(df/or)]  (16)
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Fig. 2 Development of turbulent mean circumferential
velocity profiles; comparison with data from Ref. 3 over
a small Reynolds number range that includes transition.

and 6 momentum;
(wetg") — 2f'g" + 2fg" = r[f'(@g'/0or) — f"(f/or)] (17)
where v.* = »,/v; and the effective viscosity is given by

inner layer} ».* = 1 4 0.169%(R)V3(g" + f")11* X

7 <m,
{1 — exp[—(n/26)(p.H)V2R) V(g2 + f'Y4]}2 (18)

(where the value of »,* in the exponential expression is taken
from an adjacent point in the 5 grid of the finite difference
scheme to be described);

outer layer} v,* = 1 + 0.0168(R.) V%, X

e os[mmna) oo

The rotational Reynolds number R, appears in the »,* ex-
pressions in such a way as to require that v, — » as R, — 0.
Note further that in Egs. (16) and (17) if ».* is independent
of rorifr = 0, we have another form of the laminar boundary-
equations for the rotating disk solved by von Kérmdn® and
Cochran.’? An r independent solution for f and ¢ results, and
therefore a constant laminar boundary-layer thickness. Thus
the right-hand members of Eqgs. (16) and (17) represent the
departure from Kdrman similarity (viz., the proportionality of
the velocity components to wr at any value of z) that occurs
when the boundary layer is turbulent.

The system to be solved for f and g now consists of the two
partial differential momentum Eqs. (16) and (17) with ».
= 1 for laminar flow or the appropriate effective viscosity ex-
pressions of Egs. (18) and (19) for turbulent flow. The trans-
formed boundary conditions are that at y = 0, f = f' = g =
Oandg’ = 1,and thatf' = ¢’ = 0at g = «. Also ther-inde-
pendent laminar solution provides the starting velocity pro-
files for the turbulent solution (see Fig. 1a). Since the equa-
tions are parabolic, and since it is reasonable to assume that
the disappearance of the boundary layer beyond the outer
edge of the disk (where r = R) does not change this character
of the equations, no other boundary conditions are needed.

Method of Solution

Next we solve these equations in finite-difference form,
being guided by the method of Cebeci and Smith.57 The
solution is accomplished implicitly, the caleculations advancing
radially outward on a grid having arbitrary spacing in the r
direction and geometrically increasing spacing in the 7z
direction.

First the momentum Eqs. (16) and (17) are linearized and
the r derivatives are replaced by three-point finite-difference
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formulas atr = r,.

(V2+0 fll)l _+_ golz + 2f0fll —_ folfl —
o' (Asf + Asfus’ + Asfas’) —

S (A + Aofas -+ Asfae)] = 0 (20)
and
wetog') — 219" + 2fg"" —
rlfo’ (Aig’ + Asgna’ + Asgns’) —
g'"(Aifo X Aofus + Asfu-z)] = 0 (21)

where the subscript » is implied on all f’s, ¢’s and their deriva-
tives except those modified by n — 1 and n — 2, which denote
r stations upstream of r,. Factors that would otherwise
make these equations nonlinear are taken from the previous
iteration at the same r(=r,)-station and are so identified by
the subscript o.

The A’s are given as follows:

A = 1/(rn ~= 1as) + 1/(rn — Tas) (22a)
Ay = —[(ra = Tng)/(rn — ru1) (o — Tan)] (22b)
4 = [(Tn b Tn—l)/(rn - Tn—2) (Tn——-l — Tn_z)] (220)

Equations (20) and (21) are seen to be linear, ordinary, dif-
ferential equations in 5, because the A’s and the quantities
having n — 1 and » — 2 subscripts are known from the solu-
tions at the two previous stations. At small r (as deter-
mined by the transition criterion R., tansition = WFtransition®/?)

the boundary layer is laminar, and the bracketed terms drop
out.

Iterative Procedure

The solution at r = r, is formed by successively improving
an initial estimate of the velocity profiles f'(n, r,) and g’(n, 7).
For the first (laminar) station, we assume that f'(5) = 0 and
g'(n) varies linearly from 1 at » = 0 to zero at the chosen
value of no. At succeeding stations, we simply start with
the results of the previous (n — 1) station.

Representing Eq. (20) by

L0005 ) = 0 (23)

we introduce ¢, the improvement to fo, as follows:
or or
I'=0=T+ ¢, <5fT>o + ¢/ (5—]"_")0 +

, [T oT
o) o (), oo

where ¢, = f — fo, ¢, = f/ — fo’, ete., and the coefficients of
¢y and its derivatives are found from Eq. (20).
Similarly, Eq. (21) is

Ag,g',9"",g""; nr) =0 (25)
and
A DA
— — 1N Bl [ A
A = Ao + ¢a <bg”’>9 + d)a <ag11>0 +

, (24 o4
o (ag,>0 + ¢ (ag >0 (26)

where the improvement ¢, and its derivatives are given by
b, =9 — g, ¢, = ¢’ — 9, etc. Equations (24) and (26)
are to be solved for the improvements ¢;, ¢, and their
derivatives. It will now be seen that the linearization result-
ing in Egs. (20) and (21) was arranged so that only the im-
provements to f and its derivatives could arise in Eq. (24) and
only those to g and its derivatives in Eq. (26). Allowing both
¢,’s and ¢,’s to appear in both equations would greatly com-
plicate the numerical procedure.
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From this point we follow precisely the Cebeci-Smith
procedures” for finding the ¢,’s from the differential Eq. (24),
and we repeat that procedure a second time to find the
#,’s from Eq. (26). Then we accept one-half of these im-
provements and so modify fo, go and their derivatives. This
constitutes one iteration. The iterations continue until con-
vergence is attained on the quantities 8* and (f.''2 + g.""*)1/2,
the latter being the dimensionless wall shear stress. Then we
have a solution at that r station. Briefly, the Cebeci-Smith
numerical procedure consists of representing ¢, and its
derivatives by five-point Lagrange differentiation formulas for
a variable grid, where the spacing An; = 1.01 Ay, ; and A7,
= 0.008, which is the smallest grid spacing in the 7 direction.
Thus, Eq. (24) and the boundary conditions on f and f’ be-
come a system of N equations, the unknowns being the set of
¢;’s at the Ny-points from the wall to the edge of the bound-
ary layer. Inmatrix form this system is

Ags = C @0

The Choleski matrix method®? is used to solve Eq. (27). The
¢,’s are found by the same procedure. Tive-point means in
the 5 direction are used for the effective viscosities, which are
caleulated from Eqs. (18) and (19) for turbulent flow.

Calculated Results

By means of the foregoing procedure, we calculated the full
development of the boundary layer on a rotating disk with the
aid of a digital computer, carrying the calculations from zero
radius to that corresponding to R, = 1 X 10, Guided by the
experiments of Theodorsen and Regier,® we used R, transition
= 3.04 X 105 placing two laminar stations (».* = 1) at radii
less than Tuansition, and 33 turbulent ones (v.* given by Egs.
18 and 19) from there outward. We varied the number of 7
points from 263 at zero radius to 488 at the last station, mak-
ing certain that the points of maximum » were well beyond the
edge of the boundary layer. About ten iterations were re-
quired for a solution at each radial station, the computing
time being about one sec per iteration. To facilitate compu-
tations and presentation, we used a dimensionless radius
r{w/v)12 = (R,)Y2, since the Reynolds number is the only con-
trolling parameter in this investigation.

12 I
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Fig. 3 Turbulent mean radial and circumferential ve-

locity profiles compared with data of Ref. 5; theoretical

results at R, = 1 X 107 indicate the development at R,
greater than that of the test data.
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as the value of z at which » = 0.005 wr; this calculated
growth approaches the proportionality dar3/¢.

Velocity Profiles

The calculated laminar velocity profiles were identical to
those obtained by Cochran.’? As expected, u/wr and v/wr
[f'(n) and g¢'(n), respectively] were independent of r, so that
once the solution was found at R, = 0, it was reproduced
identically with no further iteration at B, = 2.5 X 105, The
circumferential velocity profile thus obtained is shown in Fig.
2. It is compared to test data obtained at B, = 272,000 by
Theodorsen and Regier® who also got these same results at
much lower R..

The ecalculated turbulent mean ecircumferential velocity
profiles are compared with test results in both Figs. 2 and 3,
where the agreement is good except at the transition (first tur-
bulent) station in Fig. 2. Here the persistence of the laminar
trend indicates that transition is not quite so sudden as our
method of introducing v, from Eqgs. (18) and (19) at that point
would make it. A more gradual such introduction, as was done
by Martellucei et al.,'* might better reproduce these test re-
sults as well as those of the mean radial velocity profile in
Fig.3at R, = 4 X 10%.

On the other hand, these discrepancies could be caused by
a breakdown in the validity of the ». assumptions near the
transition point. The theory used by Cham and Head?
produced nearly perfect agreement of all velocity profiles with
those of their experiments. But to carry out their computa-
tions, they first had to make an ad hoc reduction of their en-
trainment rate from that applicable to two-dimensional bound-
ary-layer calculations. This produced no inconsistencies in
their results and could well be applicable to general three-
dimensional boundary-layer flow without further adjustment.
Nevertheless, the unified effective viscosity approach pre-
sented here requires no such adjustments to produce reason-
able results for both two-dimensional and—as indicated by
the present calculations—three-dimensional boundary layers.

Boundary-Layer Thickness

On Fig. 2, the calculated disk boundary-layer thickness de-
velopment is indicated for the first few turbulent stations.
Figure 4 shows these results for our entire range of Reynolds
number. The variation of & with r approaches an r3/4 pro-
portionality at higher R,, whereas von K4rmdn’s momentum
integral results show a proportionality of 73/5. (The constant
0.526 is a correction by Goldstein? from the original value of
0.462.) This difference arises from von Kdrmdn’s restriction
to 1/nth-power mean relative velocity profiles;

(wr — v)/or = (2/8)n (28)

in which he chosen = 7. Thisrequires that hisé = (n 4 1)6*
where

6* = f: (v/wr)dz
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Fig. 5 Displacement thickness §* of the circumferential
j; i (v/wr) dz; both cal-

culated results and test data asymptotically reveal the
same proportionality (6*ar®%) that von Kdrman obtained.

mean velocity profiles, where §* =

Figure 5 compares the results for the displacement thick-
ness. Here the asymptotic behavior of our results and the
test data of Ref. 5 give §*ar?#/5, which is the same as von Kér-
mén obtained. Zero-pressure-gradient, two-dimensional, tur-
bulent, mean velocity profiles possess values of » that in-
crease from 3 to 10 over increasing values of the Reynolds
number.!* Pipe flow has similar behavior. Comparison of
our results for é and 6* in Figs. 4 and 5 show the same trend.

Figure 6 compares the values of the shape factor X from our
theory with the test data of Ref. 5. Our assumption that dif-
fering flow conditions at the outer edge of the disk do not
affect the results seems justified by these data of Cham and
Head in Figs. 5 and 6. Data covering the radial extent of
the disk for three different values of the outside diameter
Reynolds number R..,.q. all fall about on the same line. Thus
the radial location of the outer edge of the disk has no notice-
able effect on the results at inner radii.

Skin-Friction Drag

The comparison of the local circumferential wall shear
stress component results is given in Fig. 7. The data of
Theodorsen and Regier? at B = 3 X 10° indicate that there is
some smoothing to the step change exhibited by our calcula-
tions that assume sudden transition as discussed previously.

The total skin-friction drag moment M exerted by the
fluid on each side of disk is given by

R R
M = fo Tw,e 2mridr = fo cropwridr (29)

which is plotted dimensionlessly as the moment coefficient Cy
in Fig. 8. The results for Cy at Reoq. > 3 X 10° are in-
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profiles. Comparison of calculated results with test data,
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Fig. 7 Circumferential skin-friction component; com-
parison of theory and experiment; css = 7u,0/(pw’r?/2).

fluenced by the fact that laminar flow exists on those inner
portions of these disks for which B, < 3 X 105. 'This influence
is negligible for R.,..q. > 10%. The trend at high R, away from
von Kdrmgdn’s line is at least qualitatively correct. Gold-
stein? derived an expression for Cj, wherein it becomes less
dependent on Reynolds number as the latter increases. The
same phenomenon is exhibited in pipe friction data and in the
drag of two-dimensional equilibrium boundary layers on flat
plates.

Similarity

Goldstein’s assumption of universal defect profiles v/(r,/
p)M?% vs 2/8 is in agreement with the fact that the same uni-
versality emerges in our caleulations of v/(rw,.0/p)V? vs 2/8 in
Fig. 9. Herev = wr — (wr — v) is the mean circumferential
relative velocity defect. Our use of 7., rather than 7, has
negligible influence on the outcome, since the angle between
75 and 7,9 changes only from 17.1° to 10.8° as R, increases
from4 X 105to 1 X 107.

We were able to discover no such similarity for the radial
mean velocity component nor for its defect (ures — u), where
Uret 18 any appropriate reference velocity, which is, say, pro-
portional to wr. This lack of crossflow similarity may be a
characteristic of skewed, turbulent boundary layers.

For two-dimensional turbulent flow, Clauser' defined an
equilibrium boundary layer as one for which similarity in the
defect of the mean velocity (relative to the boundary) exists.
We have found similarity of the “free-stream’” component of
the mean relative velocity defect, which may be the only evi-
dence that one can have of equilibrium in three-dimensional
turbulent boundary layers.

Conclusions

A particular example of steady, incompressible, skewed,
turbulent, boundary-layer flow has been calculated with
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Re scalar effective viscosity approach should be applicable to
XX eneral three-dimensional turbulent boundary-layer flow.
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Fig. 9 Defect law investigation; coincidence of circum-
ferential mean velocity profiles when plotted in these de-
fect-law coordinates reveals a state of equilibrium.

reasonable success, using no assumptions other than a hy-
pothesis for a scalar effective viscosity. By applying the
molecular viscosity for laminar flow at radii » less than that
corresponding to our specified transition value of the Reynolds
number B, = wr?/yv = 3.04 X 10% and Cebeci and Smith’s
Boussinesq viscosity formulation at greater radii, we have de-
scribed the flow near a rotating disk in an infinite medium
otherwise at rest. Appropriate linearization in the numerical
procedure allowed a successful adaptation of their two-dimen-
sional, implieit, finite-difference method to this problem, which
involved a second momentum equation.

Using this method we have caleulated both laminar and tur-
bulent velocity profiles, displacement thickness, shape factor
and drag due to skin friction, obtaining good agreement
with theoretical and experimental data. The range of com-
putation extended to R, = 1 X 107.

The results for the drag moment on the disk show the same
trends as do those of turbulent drag on flat plates; in fact, the
equilibrium behavior of the flat plate boundary layer also
appears in a three-dimensional fashion for the rotating disk
layer.

Because this is an axisymmetric problem, the form of the
equations and the details of the numerical procedure are not
much more involved than they are for two-dimensional flow.
But the degree of success experienced here indicates that this
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